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ABSTRACT
We describe an algorithm for identifying ellipsoidal haloes in numerical simulations,
and quantify how the resulting estimates of halo mass and shape differ with respect to
spherical halo finders. Haloes become more prolate when fit with ellipsoids, the differ-
ence being most pronounced for the more aspherical objects. Although the ellipsoidal
mass is systematically larger, this is less than 10% for most of the haloes. However,
even this small difference in mass corresponds to a significant difference in shape. We
quantify these effects also on the initial mass and deformation tensors, on which most
models of triaxial collapse are based.
By studying the properties of protohaloes in the initial conditions, we find that
models in which protohaloes are identified in Lagrangian space by three positive eigen-
values of the deformation tensor are tenable only at the masses well-above M∗. The
overdensity δ within almost any protohalo is larger than the critical value associated
with spherical collapse (increasing as mass decreases); this is in good qualitative agree-
ment with models which identify haloes requiring that collapse have occured along
all three principal axes, each axis having turned around from the universal expan-
sion at a different time. The distributions of initial values are in agreement with the
simplest predictions associated with ellipsoidal collapse, assuming initially spherical
protohaloes, collapsed around random positions which were sufficiently overdense.
However, most protohaloes are not spherical and departures from sphericity in-
crease as protohalo mass decreases. The mass and deformation tensors are well-aligned,
in agreement with the fundamental assumption of ellipsoidal collapse, and with mod-
els which identify haloes with peaks in the initial density fluctuation field. But the
direction of maximum initial compression coincides with the direction of what is ini-
tially the longest axis, contrary to what the peaks model predicts. By the final time,
it is the shortest axis of the final object which tends to be aligned with the direction
of initial maximal compression: the alignment changes during the evolution.
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1 INTRODUCTION
In the standard cosmological model, the structures observed
today are assumed to have grown gravitationally from small,
initially Gaussian density fluctuations. Collapsed, virialized
dark matter haloes form from the initial fluctuation field,
leading to structure formation: as the universe expands, suf-
ficiently overdense regions expand until they reach a maxi-
mum size, after which they collapse under the action of their
own gravity. It is within these haloes that gas cools and stars
are born. This process may be studied using both analyti-
? E-mail: giulia.despali@studenti.unipd.it
cal models or numerical simulations, in order to understand
just what it is that determines when and where an object
will collapse (Lacey & Cole 1993, 1994; Kauffmann & White
1993; Springel et al. 2001b; Giocoli et al. 2007).
In the Spherical Collapse model (hereafter SC) (Gunn
1977), which describes the evolution of a spherical mass shell
within an expanding background, the entire evolution is de-
termined by the initial overdensity within the protohalo. In
this model, the initially spherical region remains spherical –
only its size changes – and there is a critical initial overden-
sity δsc which a proto-halo must have for it to collapse and
virialize by a given time (e.g. the present). Moreover, this
value is the same for all haloes, whatever their mass.
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The next more complicated model assumes an Ellip-
soidal Collapse (hereafter EC) (White & Silk (1979), Bond &
Myers (1996)). In the formulation of Bond & Myers (1996),
the triaxiality in the potential leads to tidal forces which de-
form the shape of the object as it evolves. Hence, even if the
mass distribution of the protohalo was initially spherical,
the final virialized object need not be a sphere. Most imple-
mentations of the EC model have assumed initially spherical
shapes (Sheth et al. 2001; Sheth & Tormen 2002; Desjacques
2008; Lam & Sheth 2008; Rossi et al. 2011), though this is
not a fundamental assumption (Shen et al. 2006). Since the
EC model generically predicts non-spherical shapes for viri-
alized objects, and simulated haloes are well-known to be
triaxial (Jing & Suto 2002; Allgood et al. 2006), the EC
model is widely expected to be more realistic than the SC
model.
Despite this, simulated haloes are often still identified
by searching for a critical overdensity within a sphere, or
deforming such a candidate spherical region along its prin-
cipal axes. Therefore, one of the goals of this paper is to
present a method for identifying ellipsoidal haloes which we
believe provides a more accurate estimate of halo masses
and shapes. We then explore how our new method impacts
estimates of the resulting halo properties (e.g. mass, shape)
at the present time, and in the initial conditions (e.g., mass
and deformation tensors of the proto-halo). We believe the
latter allows for more direct and quantitative tests of the
EC model.
The outline of this paper is as follows. In Section 2 we
highlight those aspects of the Ellipsoidal Collapse model
which are most relevant to our study. Section 3 describes
our dataset and the halo identification algorithm, explain-
ing how we improve our estimates of halo shapes, by defin-
ing them as virialized ellipsoids rather than spheres. In Sec-
tion 4 we present our results concerning the difference in
mass (Subsection 4.1) and in final shape (4.2) with respect
to the usual spherical one. In Section 5 we study the initial
density fluctuation field of the proto-haloes, showing how
the difference between the two methods is reflected in the
initial properties of the haloes (Subsection 5.1); and how the
initial properties influence the subsequent evolution (5.2). In
Section 6 we discuss the average evolution of halo shape and
orientation. A few case-by-case examples are presented in an
Appendix. We summarize and discuss our results and then
conclude in Section 7.
2 THE ELLIPSOIDAL COLLAPSE MODEL
Many of the quantities we measure in the simulations are
motivated by our desire to test various assumptions of the
EC model. So it is useful to summarize these here.
2.1 Does only potential matter?
Although the EC model of Bond & Myers (1996) does not
require it, all implementations of it assume that the mass
distribution of a proto-halo is initially spherical. In this case,
the evolution of the shape is determined by just three num-
bers, which are specific combinations of the three eigenval-
ues of the initial 3 × 3 deformation tensor centered on the
center of mass of the proto-halo. (Strictly speaking the ten-
sor is evaluated after smoothing the initial fluctuation field
on the scale which contains all the mass which will end up
in the halo.) Because the shape of the object is determined
by the initial deformation tensor, in this model, the mass
and deformation tensors are perfectly aligned by definition.
Measurements in simulations have shown that this vast sim-
plification is actually a rather good approximation (Porciani
et al. 2002). This means that tidal torques, induced by the
misalignment between these tensors, are subdominant.
Therefore, in this model, the proto-halo shrinks (in co-
moving coordinates) fastest along the axis corresponding to
the direction of maximum compression, forming a pancake;
this is followed by collapse along the second and then finally
along the axis of least compression eventually resulting in
a virialized object. I.e., the three axes collapse at different
times, which depend on the local shape of the deformation
tensor, but because the initial shape of the mass tensor was
spherical, the ordering of the axis lengths is monotonic in
time, and collapse times are determined by the initial com-
pression factors: larger compression factor means earlier col-
lapse.
A final assumption of the model is that virialization
corresponds to collapse along all three axes. Since the first
axis to collapse and freeze-out from the expansion of the
background universe will have done so when the universe
was denser, this first axis to collapse will also be the shortest
axis of the virialized object, and the third will be longest.
I.e., the shortest axis at virialization will be aligned with the
direction of initial maximum compression, and vice versa.
The three numbers which determine the evolution in
this model are the initial density contrast δi (the only num-
ber that matters for the spherical evolution model), and the
ellipticity and prolateness parameters e and p of the defor-
mation tensor (i.e. not the mass tensor). These are defined
as follows. If the eigenvalues of the deformation tensor are
λ1 > λ2 > λ3, then
δi ' λ1(ti) + λ2(ti) + λ3(ti) (1)
and
e =
λ1(ti)− λ3(ti)
2δ(ti)
and p =
λ1(ti) + λ3(ti)− 2λ2(ti)
2δ(ti)
(2)
where e > 0 and |p| 6 e; a sphere has e = p = 0, prolate
configurations have −e 6 p 6 0, and 0 6 p 6 e are oblate.
Sheth et al. (2001) showed that, in this model
δec(e, p)
δsc
= 1 + β
[
5(e2 ± p2)δ
2
ec(e, p)
δ2sc
]γ
, (3)
where β = 0.47 and γ = 0.615. Note that non-spherical
effects always make δec(e, p) > δsc, a point to which we will
return. Sheth et al. (2001) also showed that, in a Gaussian
random fluctuation field, δ, e, p can vary from one position
to another, with the consequence that even at fixed mass,
δec can vary from one proto-halo to another. They then used
the statistics of Gaussian fields to argue that, on average,
δec will be close to δsc at large masses, but it will increase as
mass decreases. They showed that this mass dependence of
δec was indeed evident in their simulations, and so it is now
commonly assumed that the EC model describes some of the
physics which is relevant to the triaxial shapes of virialized
haloes in simulations. In what follows, we test this in slightly
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more detail by checking if the dependence on e and p is as
predicted.
2.2 What if the initial shape is not spherical?
However, we already know that there is one respect in which
the EC model fails. This is because the model predicts that
the large proto-halo patches which collapse to form massive
haloes should be more spherical. Therefore, the shape at viri-
alization should also be more spherical (Rossi et al. 2011).
Simulations show that, in fact, the most massive virialized
haloes can be quite triaxial (Jing & Suto 2002; Allgood et al.
2006). This raises the question of whether the EC model has
failed to identify the correct shapes in the initial conditions,
or if its approximation of the evolution is incorrect.
For example, the next simplest model would begin with
proto-haloes with triaxial rather than spherical mass distri-
butions, but will keep the assumption that the mass and
deformation tensors are perfectly aligned. In this case, the
evolution of the shape, and hence the time required to col-
lapse and virialize depends on δ, e, p as well as on the initial
axis lengths (i.e., the square-roots of the eigenvalues of the
mass tensor), and on whether or not the direction of max-
imum compression is oriented along the initially longest or
the shortest axis. In such a model, one might postulate for
example that haloes form at those special points in space
where all three axes would have turned around or collapsed
at the same time; this would happen if the axis which was
initially the longest also had the largest compression factor
initially (‘perfect’ alignment). This correlation between the
directions of the longest initial axis and the largest com-
pression factor is indeed seen in simulations (Porciani et al.
2002), in the sense that cos θ11 ∼ 1 where θ11 is the angle
between these two vectors.
In fact, despite the theoretical simplicity of these ‘per-
fect’ alignment models , the evolution of the shape can ap-
pear to be more complex because, e.g., if the axis that was
longest initially also had the largest compression factor, then
it may eventually become shorter than what was initially
the second longest axis. So one might ask, even though the
shortest axis initially may not be the shortest finally, is it
still true that the shortest axis at virialization tends to be
aligned with the direction of initial maximum compression
(and vice versa)? If it does, then this would still be in agree-
ment with an EC model for the evolution, only applied to a
non-spherical initial mass distribution.
The Zel’dovich approximation (Zel’dovich 1970), pro-
vides an easy way to see the qualitative features discussed
above. In this case, the eigenvalues are assumed to evolve
as λj(t) = λj(ti)D(t)/D(ti), where D(t) is the linear the-
ory growth factor at time t. This means that the comov-
ing axis lengths evolve independently of one another, as
Rj(t) = Rj(ti)[1− λj(t)]. Notice that in this approximation
a positive eigenvalue implies contraction, whereas a negative
eigenvalue implies expansion.
The nonlinear density is the ratio of the mass of the
proto-halo to its volume. Mass conservation means that it
satisfies
1 + δ(t) =
M
ρ¯V (t)
=
1∏3
j=1 1− λj(t)
. (4)
Notice that this expression applies even if the Rj(ti) are not
equal; it reduces to δi =
∑3
j=1 λj for very small values of λi.
In this approximation the collapse of axis j corresponds
to the time when 1−λj(t) = 0. When the Rj(ti) are all equal,
then the order of the axis lengths Rj at any given time is
determined completely by the ordering of the λj at the initial
time. But if they are not equal, then, although the order of
the time to complete collapse is still determined by the order
of the λj , the axis lengths at some time prior to complete
collapse may not. E.g., if Rj > Rk and λj > λk then Rj must
collapse before Rk, so at some point it must become smaller
than Rk. Notice that, despite this reordering of the axis
lengths, the three fundamental directions of the principal
axes of the mass tensor will not have changed. Of course, this
means that if one studies the direction in which ‘the longest
axis’ points, then this direction may change suddenly (e.g.,
at the time when it stops being the longest).
Although Shen et al. (2006) provide a simple approx-
imation to the evolution predicted by the EC model when
the initial shape is not a sphere, which can be thought of as
a simple physically motivated modification to the Zeldovich
approximation, we believe that a complete understanding of
these and related aspects of the EC model is still missing.
For example, we noted that cos θ11 ∼ 1, where θ11 is the an-
gle between the longest axis and the direction of maximum
compression. While we confirm that cos θ11 ∼ 1, the torque
generated by the misalignment between these two vectors
depends on sin θ11, and it can be quite different from zero
even though cos θ ∼ 1 (basically because cos 30◦ ∼ 0.866 but
sin 30◦ ∼ 0.5). Thus, even a small misalignment can have a
dramatic effect, so further study of slightly misaligned mod-
els is certainly needed.
Even so, a comparison between simplified models such
as these and simulations clearly depends critically on cor-
rectly identifying the proto-haloes in the initial conditions,
and this in turn depends on identifying the particles which
belong to the final virialized haloes. Therefore, in what fol-
lows, we analyse in detail the shapes of haloes, how these
depend on the method of estimation, how they evolve, and
how this evolution is influenced by the potential field.
3 SIMULATION DATA
We address these questions by studying the properties of
haloes identified in the GIF2 simulation.
3.1 The GIF2 simulation
The GIF2 Simulation (Gao et al. 2004) adopts a ΛCDM
cosmological model with Ωm = 0.3, ΩΛ = 0.7, σ8 = 0.9 and
h = 0.7. It follows 4003 particles in a periodic cube of side
110h−1 Mpc from an initial redshift z = 49 to the present
time. The associated change in the linear theory growth fac-
tor is D+(z = 0)/D+(z = 49) = 38.993. The individual
particle mass is 1.73 × 109h−1 M. Initial conditions were
produced by imposing perturbations on an initially uniform
state represented by a glass distribution of particles (White
1996); based on the Zel’dovich approximation (Zel’dovich
1970), a Gaussian random field is set up by perturbing the
positions of the particles and assigning them velocities ac-
cording to the growing model solution of linear theory (Sel-
c© 2012 RAS, MNRAS 000, 1–15
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jak & Zaldarriaga 1996). The critical value of the linear the-
ory overdensity that is required for spherical collapse at the
present time is δc = 1.6755.
3.2 Halo identification
Dark matter haloes are identified as local maxima in the den-
sity field: this is commonly done by growing spherical shells
around the halo center - defined for example by the position
of its most bound particles - and finding some character-
istic radius R where the mass overdensity reaches a given
value: δvir ≡ (ρ(< R) − ρb)/ρb, with ρb the mean density
of the universe and ρ(< R) the average density inside ra-
dius R. Common choices for this virial overdensity are 200
times the background density, 200 times the critical density,
and the value prescribed by the spherical collapse model:
δvir = 323.7 (at z = 0 for the assumed cosmological model
- Eke et al. (1996)); this algorithm is known as Spherical
Overdensity (SO).
Another method for identifying collapsed structures
uses a percolation algorithm, called Friends of Friends
(FOF), that links together particles closer than bd, where
d is the mean interparticle separation and b < 1 is called
linking length; b = 0.2 is a common choice, as it identifies
structures with average density of order one hundred times
(∼ 1/53×) the background. FOF haloes are usually not
spherical, but closely follow the isodensity contours of the
identified structures, giving a more realistic representation
of the halo shape. On the other hand, this algorithm may
link together haloes which are dynamically different, if par-
ticle noise is such that there exists a thin bridge of particles
connecting them.
A third and far less commonly used option is to de-
fine haloes as triaxial ellipsoids, as we do in the present
work. Specifically, we will define haloes as triaxial structures
with mean overdensity δ = δvir. Although computationally
more costly, this method tries to retain the advantages of
both previous ones: a theoretically motivated virial over-
density value and a more realistic description of the actual
halo shape. This description is more consistent with the EC
model, which naturally predicts triaxial rather than spheri-
cal haloes. In the next Subsection we will describe our algo-
rithm in detail.
3.3 Triaxial haloes
The volume V of a triaxial ellipsoid is defined by V =
(4pi/3)abc, with a, b, and c the longest, intermediate and
shortest axis, respectively. In order to find the ellipsoidal
shape which best fits a given halo, we first run an SO algo-
rithm on the full simulation and find for each halo its virial
radius RV , enclosing an average overdensity δvir (Tormen
et al. 2004; Giocoli et al. 2008). We then calculate the mass
tensor Mαβ defined by the NV particles found inside RV as:
Mαβ =
1
NV
NV∑
i=1
ri,αri,β (5)
where ri is the position vector of the ith particle and α and β
are the tensor indices. Note that, even if the halo distribution
can be recovered from both, this is different from the inertia
tensor which is defined as:
Iαβ =
N∑
i=1
mi(r
2
i δαβ − ri,αri,β). (6)
As explained in Bett et al. (2007), much of the literature
confuses the two tensors and uses both interchangeably to
describe the mass distribution.
The mass tensor so found will not be isotropic even for
particles within a sphere if the particle distribution inside
RV is not isotropic. Therefore, by diagonalizing Mαβ we
will obtain eigenvalues and eigenvectors which give an ini-
tial guess for the true shape and orientation of the virialized
structure: the axes of the best fitting ellipsoid are defined
as the square roots of the mass tensor eigenvalues. We then
modify the list of particles which make up the halo by per-
forming a sort of Ellipsoidal Overdensity criterion: for each
particle selected in the previous step, we calculate its ellip-
soidal distance from the center as
r3E =
∆x2
l21
+
∆y2
l22
+
∆z2
l23
, (7)
where l21, l
2
2 and l
2
3 are the eigenvalues of the mass tensor cal-
culated at the previous step. (The eigenvalues of the inertia
tensor would be l22 + l
2
3, l
2
1 + l
2
3 and l
2
1 + l
2
2.) Sorting the par-
ticles by ellipsoidal distance from the center of the halo, we
build up an ellipsoid which encloses an average overdensity
δvir. We believe that using the overdensity to select the halo
particles is more precise and consistent than requiring the
volume of the ellipsoid equal that of the original SO sphere,
or requiring the longest axis equal that of the initial sphere
(Warren et al. 1992; Allgood et al. 2006; Schneider et al.
2012). This also allows a more direct comparison with theo-
retical models. We recalculate the mass tensor for this new
particle distribution, and obtain a new set of eigenvectors,
which improve the previous description of the halo shape.
We iterate this calculation until the algorithm converges to
a set of eigenvectors to better than one percent in the ax-
ial ratios. We choose only the haloes with more than 200
particles to ensure a good resolution and we removed all
the unbound haloes (which were about 6% in the original
sample of 15001 haloes); for some of the plots we use other
selection criteria (described throughout the text), to refine
our subsample depending on the specific needs of the analy-
sis. The final result is a new halo catalogue which is the one
we study in the remainder of this work.
4 HALOES AT Z = 0
Figure 1 illustrates the difference between a spherical halo
and its triaxial counterpart: black dots show the projected
distributions of halo particles inside the final ellipsoid, while
the red dashed circle indicates the virial radius RV . The tri-
axial shape is more elongated when measured inside an el-
lipsoidal volume (in this case particularly in the y-z plane)
and follows the natural orientation of the halo and its iso-
density contours more accurately than does the SO halo.
We expect, therefore, an increase in virial mass M : this is
true for the test halo of Figure 1 and in the next Section we
will show results for the whole halo sample.
c© 2012 RAS, MNRAS 000, 1–15
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Figure 1. Example of the difference between the final (z = 0)
spherical or ellipsoidal identification for a halo of the simulation:
we show the projected distribution (in the x-y, y-z, x-z planes)
of the halo particles inside the ellipsoid; the red dashed circle
indicates the radius of the halo in the spherical identification. We
note that the shape becomes in general more elongated and that
the number of particles increases, indicating that the ellipsoidal
shape traces the isodensity contours better than the spherical one.
Figure 2. The mass difference between the ellipsoidal and spher-
ical identification methods, shown as a function of the spherical
mass. The medians of the distribution are shown in red and the
region which lies between the first and third quartiles is shaded
orange.
4.1 Difference in mass
In Figure 2 we plot the fractional difference in mass between
the ellipsoidal and spherical identifications, defined by the
ratio
∆M
M
=
ME −MS
MS
(8)
as a function of the spherical mass MS . Notice that our new
method indeed gives a different estimate of the mass: at
low masses the median difference of about 5% is larger than
at high masses. This indicates that small mass haloes are
more elongated and so the SO estimate is more biased than
it is at larger masses. The ellipsoidal mass is clearly larger
than the spherical one, as ellipsoids indeed trace the isoden-
sity surfaces more precisely, and so include more particles.
Of course the difference between the two estimates cannot
be too big, since the ellipsoidal mass is a refinement of the
spherical one. This has a positive implication: the spherical
overdensity criterion, which is simpler than our best fitting
ellipsoid method and requires fewer calculations, turns out
to be quite precise in estimating the halo mass and thus the
halo mass function. However, as we will show in the next
section, the ellipsoidal description is much more appropri-
ate for estimating halo shapes. There is a small fraction of
haloes (less than 1%) which have negative values of ∆M/M :
by individual inspection, we found that they all correspond
to merging haloes. Moreover, the initial (Lagrangian space)
distribution of their particles is often fragmented in two or
more large regions. We exclude them from further analysis.
4.2 Difference in final shape
We now study halo shapes. Figure 3 shows the fractional
difference in the axial ratios c/a and b/a (with a > b > c
the three eigenvalues of the mass tensor), as a function of
the spherical axial ratios using the fractional differences
∆(c/a)
(c/a)S
=
(c/a)E − (c/a)S
(c/a)S
(9)
and similarly for b/a. Ellipsoidal haloes are, of course, more
ellipsoidal, so ∆(c/a)/(c/a),∆(b/a)/(b/a) 6 1 . When the
axial ratio approaches 1, then haloes are almost spherical, so
the ellipsoidal method correctly returns a spherical shape.
The difference increases as (c/a)S and (b/a)S decrease: in
particular, ellipsoidal-based shapes become more prolate,
since the shortest axis changes more than the others, as
can be seen by comparing the two panels of Figure 4. This
agrees with the recognised preference for prolate halo shapes
in previous works.
In Figure 4 we show the differential and cumulative dis-
tributions for both c/a and b/a: the distribution obtained
using final spheres is represented by the solid line, while the
dashed line is for ellipsoids. There are more objects with
small c/a when fitting ellipsoids, and the median is shifted
to smaller values. This is also true for the b/a distribution,
although the differences are smaller, implying a preference
for more prolate shapes. This confirms what we already no-
ticed in Figure 3. A similar result was obtained by Warren
et al. (1992), who compared the axial ratios of a spherical
and an ellipsoidal halo, finding a change in the axial ratios
in the direction of a more ellipsoidal shape.
It is also interesting to study the halo structure at a
c© 2012 RAS, MNRAS 000, 1–15
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Figure 3. The difference in the final axial ratios c/a and b/a
(a 6 b 6 c), as a function of the spherical ones. The orange
shaded region lies between the first and third quartiles; red points
show the median. The relative difference is generally negative,
indicating that fitting ellipsoids yields more elliptical and prolate
shapes than fitting spheres.
given time, to check if (a) the shape depends on mass and
(b) if, at fixed mass, the shape varies as a function of distance
from halo center. We find that massive haloes are less round
than lower mass haloes since this agrees with previous work
(Jing & Suto 2002; Allgood et al. 2006), we do not show plots
here. Our analysis also confirms the general opinion that, on
average, there is also a systematic dependence of shape on
radius: haloes are more elongated closer to the center, and
more spherical in the outskirts (Allgood et al. 2006; Jing &
Figure 4. Cumulative and differential distribution of axial ratios
c/a and b/a at the shape corresponding to the virial overdensity,
from corresponding to a fitting ellipsoidal (dashed) and spherical
(solid) volume: in both cases the enclosed mass distribution is
not isotropic and so we are able to calculate the axial ratios.
Haloes identified with the EO criterion have a smaller median
value, with significantly more objects at small b/a and/or c/a.
This difference is more significant for c/a, meaning that haloes
become more prolate when fit with ellipsoids.
Suto 2002; Warren et al. 1992). In addition, more massive
haloes have a steeper gradient in axial ratios than lower
mass haloes: this happens because the more massive haloes
are less influenced by their environment.
We also measured the misalignment between the axis
direction at a certain fraction of the radius and the axis
at 0.5rvir. For this, we choose a subsample of the haloes,
restricting our analysis to those for which the axes direction
is determined more precisely. For this purpose we define the
c© 2012 RAS, MNRAS 000, 1–15
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accuracy in the axis determination by
θerr =
1
2
√
N
√
r
1− r rad < 0.1 rad (10)
where N is the number of particles used and r is the relevant
axial ratio: b/a for the major axis, a/b for the minor axis, and
max[b/a; a/b] for the intermediate axis (Bailin & Steinmetz
2004, 2005). Notice that the alignment is slightly better for
more massive haloes, represented by the black curve, but
on average the internal alignment is very good, confirming
previous results (Jing & Suto 2002; Bailin & Steinmetz 2005;
Vera-Ciro et al. 2011; Schneider et al. 2012).
5 PROTOHALOES AND THE INITIAL FIELD
We have discussed the differences between spherical and
ellipsoidal haloes, comparing the halo properties at the
present time, when the haloes are collapsed and virialized.
We now study these differences for proto-haloes in the initial
conditions.
The protohalo regions are defined by tracing all halo
particles, identified at z = 0, back to their unperturbed
(Lagrangian) positions. For each protohalo we calculate the
elements of the deformation tensor, defined at each position
q as the second derivatives of the gravitational potential Φ.
This, in the the Zel’dovich approximation (Zel’dovich 1970)
is equivalent to the evaluation of the first derivatives of the
initial displacement:
ξij(q) = − ∂
2Φ
∂xi∂xj
(q) = −∂Ψ
∂x
. (11)
These were calculated from the initial displacement grid and
differentiated with respect to the spatial coordinates.
Specifically, for each halo we flagged the grid points
occupied by particles and calculated the deformation tensor
as:
ξij =
1
VL
∫
VL
ξij(q)d
3x =
1
NG
NG∑
k=1
ξij(k) (12)
where NG is the sum of all the grid cells contained within
the lagrangian volume of the halo: i.e., those actually occu-
pied by halo particles and those left empty, but still located
inside the halo (with at least four neighbor cells occupied
by particles). These last must be considered since the total
potential field acting on the halo is affected by their con-
tribution. Thus, we used an algorithm to select the correct
set of empty cells and added their contribution to the defor-
mation tensor of the halo. This results in a small change to
the original value, which refines the one obtained using the
particle grid points only. Since the shape of the protohalo
regions is not symmetric nor regular, we could not choose a
characteristic radius and use it to smooth the distribution
in Fourier space (and calculate the value od the deformation
tensor from it), since we need to maintain spatial resolution
at each point.
While doing this, we also studied the profiles of haloes
in the initial conditions. Since the particles belonging to each
halo are selected at the present time, they do not necessarily
form a single simply connected lump in the initial conditions.
We found that haloes are indeed more fragmented in the ini-
tial conditions, but in most cases the mass of the main lump
ν mass n
0.53 M?/16 6607
0.67 M?/4 3890
0.84 M? 1061
1.06 2− 4M? 348
1.33 8− 16M? 109
Table 1. Correspondence between mass bins and ν; M∗ is 8.956×
1012Mh−1. The third column shows the number of haloes in
each bin.
is more than 90% of the total mass of the halo. Thus, to cal-
culate the initial properties, we decided to use the particles
contained in the main lump, and to exclude from our sample
those haloes for which less than 90% of the mass is in the
main lump. (In some rare cases, this fraction can be as small
as 50% of the mass: these haloes probably formed through
a recent merging process or have undergone some transfor-
mations in time, so they do not correspond to a sufficiently
compact region in the initial conditions. They are only 8%
of the total sample: removing them does not affect the mean
behavior, but it does reduce the scatter around this mean.)
Summing up, NG is the sum of all the cells (full and empty)
contained in the main lump of the each halo.
5.1 Non-positivity of the initial eigenvalues
Figure 5 shows the distribution of the λi as a function of
halo mass, which we express in scaled units ν = δsc/σ(M),
where σ2(M) represents the variance in the initial density
fluctuation field when smoothed on scale R = (3M/4piρ¯)1/3
(the λis are rescaled to z = 0 to allow an easier comparison
with the distribution of δi shown in Figure 6). In princi-
ple, this expression assumes a spherically symmetric filter.
Although (Lam & Sheth 2008) provide the relevant expres-
sion for non-spherical filters, and note that it only makes
a small difference, our main purpose here is to rescale the
mass variable, so using the spherical expression is appro-
priate. In these units, ν = 1 corresponds to a mass M∗ is
8.956× 1012Mh−1. Later on, we will study halo properties
for broader bins in mass; Table 1 shows the correspondence
between these mass bins and ν.
Figure 5 shows that while the first and the second eigen-
values are mostly positive, the third one is negative for the
majority of the haloes, especially at lower masses. This in-
dicates that, on average, protohaloes in the initial condi-
tions are not contracting with the same strength along all
their axes, and that, in the direction of λ3 the potential may
act slowing down the contraction. (We note in passing that
λ3 < 0 directly contradicts the fundamental assumption of
Lee & Shandarin (1998)’s model of halo abundances, mean-
ing their model is untenable.) More precisely, only 30% show
λ1,2,3 > 0, while 70% have λ3 6 0 and λ1,2 > 0. A small frac-
tion (< 1%) of haloes behave very differently from these two
categories.
So far we have checked the differences between ellip-
soidal and spherical identification as far as mass and final
shape are concerned. It is natural to ask how the correspond-
ing initial deformation tensors differ. We found that, as for
the mass, the two identification schemes yield very similar
results: although there are haloes (especially at low mass)
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Figure 5. The eigenvalues of the deformation tensor for the ellip-
soidal proto-haloes, as a function of mass (which has been scaled
to ν). The median of each distribution is shown in red, while the
orange shaded region lies between the first and the third quartiles.
Note that, while the first two eigenvalues are positive, the third
one is almost always negative, especially at low mass, indicating
that haloes are not contracting with the same strength along all
the three directions and that the potential along the third axis
may slow down the contraction in that direction.
with significant differences, even larger than 40%, the me-
dian of the distributions remains around zero. The variance
is larger in the case of λ3, and, of course for lower masses.
This shows that the spherical overdensity criterion traces
the potential (and so the mass) quite well and that the best
fitting ellipsoid is useful mainly for the description of the ge-
ometrical shape of the haloes and its evolution. The greater
discrepancy for the values of λ3, which is the one showing
an unexpected behavior, suggests that our new procedure
provides a more realistic description of the halo structure.
Figure 6. Distribution of the initial overdensity as a function of
halo mass (here scaled to ν). The overdensity is expressed in units
of the critical value in the SC model, for ease of comparison with
the EC prediction that it should always be greater than δsc, and
increasingly so at small masses.
5.2 Protohalo overdensities: The trace of the
initial deformation tensor
In the EC model, the fundamental quantities which influence
the evolution are not the eigenvalues of the deformation ten-
sor themselves, but the combinations δ, e, p. The most im-
portant of these is the overdensity δ, which is the trace of
the deformation tensor.
Figure 6 shows the distribution of δ as a function of
halo mass, here scaled to ν = δsc/σ(m). For ease of com-
parison with equation (3), the overdensity within the initial
proto-halo has been rescaled to the present time using the
linear growth factor D+(z = 0)/D+(z = 49) = 38.993. It
is clear that the initial overdensity is a decreasing function
of mass, in qualitative agreement with previous work (Sheth
et al. 2001; Robertson et al. 2009; Elia et al. 2012), and with
the prediction which comes from combining the EC model
with the statistics of Gaussian random fields (Sheth et al.
2001). The required overdensity for collapse is higher for low
mass haloes which must be able to hold themselves together
against tidal effects. Although the overdensity values can be
substantially higher than the critical value associated with
the SC model, especially at small masses, they are almost
never smaller. This represents a nontrivial success of the EC
model.
Qualitative success does not guarantee quantitative
agreement. In the EC model, the initial density of proto-
halo regions depends on the shape parametes e and p (equa-
tion 3). A simple estimate of the mass dependence comes
from replacing eδ and pδ in equation (3) with a naive esti-
mate of their mean values. If averaged over all possible po-
sitions in a Gaussian field, this gives σ/
√
5 and zero as char-
acteristic values of eδ and pδ, making δ/δsc = 1 + β ν
−2γ =
1 + 0.25σ1.2. The median values shown in Figure 6 are
smaller than this most naive prediction.
Most of the mass dependence in Figure 6 is removed
by rescaling to ∆h ≡ (δ/δsc − 1)/σ. Figure 7 shows that,
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Figure 7. Same as previous figure, except that now the initial
overdensity has been scaled to ∆h, in terms of which most of the
mass dependence has been removed.
in these scaled units, the mean and rms values are approx-
imately 0.2 and 0.12. These values are smaller than those
reported by Robertson et al. (2009) (0.48/δc = 0.28 and
0.3/δc = 0.18). Some of this is due to the fact that we use
the actual particle distribution in the initial conditions to
determine (δ, e, p), rather than assuming the initial shape
was spherical. In addition, we use EO rather than SO de-
rived quantities. We believe these differences matter, since
the shape of the distribution is expected to encode infor-
mation about the quantities in the initial conditions which
determine halo formation.
5.3 Ellipticity and prolateness of the deformation
tensor
In the EC model, the fundamental quantities which influ-
ence the evolution are not the λj themselves, but the com-
binations δ, e, p. Since we have already discussed δ, we now
turn to a study of e and p in our protohaloes. Recall that,
if the shape is caused entirely by the deformation tensor,
then a prolate mass configuration corresponds to p < 0 and
an oblate one to p > 0. (This classification differs from the
one given by the geometrical mass distribution, in which a
physically prolate/oblate halo has p > 0/p < 0.)
The distributions of ellipticity and prolateness are
shown in the two panels of Figure 8 as a function of halo
mass (always represented by ν). Recall that the combina-
tion of the EC model with Gaussian field statistics means
that lower mass haloes should, on average, have larger val-
ues of e with a larger rms around this mean, while the most
naive averaging procedure suggests that eδ/σ should have
mean ≈ 1/√5 = 0.447 and rms 0.14 independent of mass.
The lack of mass dependence in the mean and rms values is
in good agreement with our measurements, although their
actual values, 0.4 and 0.13, are slightly smaller than pre-
dicted. Similarly, pδ/σ has mean zero as predicted, but the
measured rms of 0.15 is smaller than the predicted value of
0.22.
Figure 8. Distribution of the initial ellipticity and prolateness of
the haloes as a halo mass (here scaled to ν). e and p have been
scaled by δ/σ for more direct comparison with the EC prediction
that eδ/σ and pδ/σ should be independent of protohalo mass.
Inserting these values to obtain the EC prediction for
the typical overdensity of protohaloes yields δ/δsc = 1 +
β (4/5)γν−2γ = 1 + 0.22σ1.2. Comparison with the bottom
panel of Figure 8 shows that this is about 10% higher that
what we see. Our measurements indicate that δ/δsc − 1 ≈
0.2σ, with an rms scatter around this mean of 0.12σ (also
see Figure 7).
Before moving on, note that eδ ≡ (λ1 − λ3)/2, so, on
average, λ1−λ3 ∼ 0.8σ. In addition, p = 0 implies λ1 +λ3 =
2δ/3 or λ1 − λ2 = λ2 − λ3. While this latter is interesting
itself, it is also worth noting that the mean values we see
imply mean values of λ1 = δ/3 + 0.4σ, λ2 = δ/3 and λ3 =
δ/3−0.4σ. This shows that the mean value of λ3 will be less
than zero once σ exceeds 5δ/6. Inserting the mean trend
(δ/δc − 1) ∼ 0.2σ implies σ > (5δc/6)(1 + 0.2σ) or σ >
(5δc/6)/(1 − δc/6). So, a significant fraction of haloes with
ν ≡ δc/σ 6 (6− δc)/5 ∼ 13/15, will tend to have λ3 < 0 (as
shown in Figure 5).
Finally, Figure 9 shows the cumulative distributions of
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Figure 9. Cumulative distribution of initial ellipticity, prolateness and overdensity, for five different mass bins indicated by colors and
line types; the bins have the same width in log(ν). They clearly show that ellipticity is a decreasing function of mass, as is the overdensity.
In contrast, prolateness is almost the same, on average, for all mass bins. The gray dashed line is drawn to help identify the median
values in the cumulative distributions.
the three initial parameters, as a function of halo mass: the
haloes were divided into five mass bins, described in Table 1.
This confirms that, on average, both the initial overdensity
δ and initial ellipticity e are larger at small mass, while the
initial prolateness p is distributed around a mean value of
zero.
We believe we have demonstrated that the combination
of the EC model with the statistics of the Gaussian poten-
tial field works reasonably well. Because the potentials of
the most massive proto-haloes are indeed more spherical,
whereas the shapes of the most massive virialized haloes are
less spherical (Allgood et al. (2006); Schneider et al. (2012)),
we conclude that we have a puzzle. Either the EC model is
incorrect in its description of the evolution, or the proto-
haloes are non-spherical even initially, and this influences
the final shapes.
6 HALO SHAPES
The simplest EC model assumes that haloes evolve and
collapse through a series of triaxial configurations; the di-
rections of the three axes of the ellipsoid do not change,
and they are determined by the initial deformation tensor.
Therefore, the mass tensor is perfectly correlated with the
initial (Lagrangian space) tidal tensor. In what follows, we
first show that the shapes are not spherical initially. This
raises the question of whether or not the EC assumption
that the directions of the principal axes of the mass and
deformation are aligned is justified. We address this in the
second half of this section.
Although we speak of the principle axes of the two ten-
sors, it is clear that their physical meaning is different: the
eigenvalues and eigenvectors of the mass tensor give an esti-
mate of the actual particle distribution at a given time, thus
describing the physical shape of the halo; whereas those of
the deformation tensor, calculated at the initial time, de-
scribe the characteristics of the gravitational potential field
within and around protohaloes and so are used to predict
how the protohalo shape will change in time.
6.1 Triaxiality of initial shapes
Recall that, in the simplest EC model, the initial mass dis-
tribution was spherical, so the mass tensor at any later time
is determined completely by the initial tidal tensor defined
by its constituent particles. Figure 10 shows that the proto-
haloes are not spherical: the axis ratios as determined from
the square-roots of the initial mass tensor only approach
unity for the most massive haloes.
6.2 Initial alignment of the mass and deformation
tensors
To quantify the correlation between the mass and defor-
mation tensors, we study the the distribution of µij =
| cos(λ̂ilj)|, the cosine of the angle between axis i and j of
the initial deformation and mass tensors. Recall that the de-
formation tensor eigenvalues are ordered, as in the previous
Sections, as λ1 > λ2 > λ3; we use li (l1 > l2 > l3) for the
three axes calculated from the mass tensor (here we prefer
to call them li instead of a, b, c, for uniformity of notation
with the λis). The directions are said to be correlated if they
are well-aligned (µij ' 1), while they are anticorrelated in
the opposite case (µij ' 0): the maximum misalignment
happens when the two vectors (representing the semi-axes
of the ellipsoid) are perpendicular to each other, while they
are considered aligned when cos(λ̂ilj) ' 1,−1, since a mis-
c© 2012 RAS, MNRAS 000, 1–15
Ellipsoidal haloes and models of triaxial halo formation 11
Figure 10. Axis ratios calculated from the square root of the
mass tensor eigenvalues of the protohaloes at the initial time.
alignment of more than 90 degrees corresponds in fact to an
alignment on the other side.
Previous work (measurements in simulations) has
shown that while this correlation is indeed very good, the
two tensors are not perfectly correlated (Porciani et al.
2002). Figure 11 confirms this. For our protohaloes, the
longest axis of the mass tensor l1 is very well-aligned with λ1
of the deformation tensor, which corresponds to the direc-
tion of maximum compression; similarly the shortest mass
tensor axis l3 is aligned with the direction of minimum com-
pression λ3. To quantify this, the median values of the dis-
tributions in Figure 11 are:
p[cos(θij)] =
0.898 0.396 0.0810.406 0.853 0.109
0.070 0.120 0.985
 . (13)
Thus, it is no longer obvious that the halo will
turnaround first along the direction of its initial major mass
axis, then along the second and finally along the third mass
axis. Rather, the differences in the turnaround (or collapse)
times of the three axes may be smaller than they were for
the case of collapse from a sphere.
Figure 11. Alignment between the principal axes of the initial
mass tensor and the initial deformation tensor.
Figure 12. Alignment between the principal axes of the initial
deformation tensor and the final mass tensor.
6.3 Alignment of the final mass tensor with the
initial deformation tensors
Therefore, it is also interesting to study the alignment be-
tween the initial and final axes to check how the evolution
affects the axis orientation. At the initial time, both the
mass and the deformation tensor can be used to approxi-
mate protohaloes, while the final orientation and dimension
of the haloes can be described only by the mass distribution
(since the Zel’dovich (1970) approximation used to calculate
the λi can be applied only at the initial time). Hence, Fig-
ure 12 compares the alignments between the principal axes
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Figure 13. Same distributions as in Figure 12, but in cumula-
tive rather than differential form; haloes are now split according
to their mass: M?/16 in blue (dot - long dash), M? in black (solid)
and 8−16Mstar in red (short dash). The alignments or misalign-
ments are enhanced at higher masses.
of the final mass tensor with that of the initial deformation
tensor.
For this particular analysis we only chose haloes with
more than 1000 particles - so as to ensure accurate deter-
mination of the mass eigenvectors - and haloes with smooth
evolution and mass accretion history. This last condition
arises because we have found that a significant fraction of
haloes presents an irregular evolution history, probably due
to the occourence of important merging events, which of
course influence the final orientation of the halo. We iden-
tified these using an objective automated algorithm, which
searches for irregularities in the evolution of the amplitudes
of the axes of the best fitting ellipsoid. We exclude them
from the sample for this specific case, because their final
properties could be influenced by the merging history more
than by the initial distribution, unlike regular haloes. Thus,
they constitute a different population which should be stud-
ied separately, as we intend to do in a future work.
Returning to Figure 12, it is clear that at the final
time the axes of the two tensors are not so well-aligned as
in the initial conditions: the top-right box, for cos(θ13) =
cos(λ̂I1lF3), shows that the final shortest axis of the mass
tensor seems to be aligned with the direction of initial max-
imum compression λ1. The bottom right panel shows that
it is almost anticorrelated with the direction of initial mini-
mum compression. This sort of inversion occurs also in the
case of the first axes: the bottom-left box shows that the
final longest mass axis lF1 is better aligned with λ3 than
with λ1 (top-left box).
The tendency shown in Figure 11 is thus completely
reversed. Now, the median values of the (cosines of the)
alignment angles are:
p[cos(θij)] =
0.310 0.360 0.7790.463 0.613 0.365
0.677 0.497 0.300
 (14)
confirming that whereas before the 11 and 33 correlations
were strongest, now it is the 13 and 31 correlations which
are strongest.
6.4 Mass dependence
Figure 13 shows how this behaviour depends on halo mass,
plotting the same distributions of Figure 12 (but here cu-
mulative and not differential) for haloes of three mass bins:
black (solid), blue (dot - long dash) and red (short dash)
curves show results for mass bins centered on M?, M?/16
and 8 − 16M?. Clearly, the evolution pattern that we have
suggested is strongest for the most massive haloes.
We also checked the alignment between the initial and
final axes of the mass tensor, but we do not present the result
here since the correlations are weaker and only the behavior
of the shortest axis is well defined: this seems to indicate
that the potential field is a better tracer of the initial shape,
since it shows what will be the evolution tendency more than
the actual initial position of particles.
6.5 Evolution
To study more closely if and when the axes invert, Figure 14
shows the evolution of the misalignment between the major
axis of initial deformation tensor λI1 and the shortest axis
of the mass tensor l3 (i.e., the strongest alignment shown
in equation 14) calculated at each time step of the simu-
lation. The points show the median value of the cosine of
the angle between the principal axes of the two tensors at
each time and he dashed lines the first and third quartiles
of the distribution. At high redshift the two axes are almost
perpendicular to each other, but by z = 0 they are almost
perfectly aligned. I.e., the halo collapses in the direction of
maximum compression and, by the end, the shortest axis of
the halo lies in this direction (which is almost perpendicular
to the direction of the initial shortest axis). There is, in fact,
an intermediate period of rapid misalignment, followed by a
stable period at late times. While Figure 14 shows the me-
dian behaviour, some examples of the evolution of individual
haloes can be found in Appendix A.
We believe that this inversion in direction is rather
generic to the collapse process, but there are a number of
ways in which this can happen. If the mass and deforma-
tion tensors are perfectly aligned, then this is just a conse-
quence of the compression due to the tidal field. I.e., early-
on, the protohalo contracts most rapidly along the direction
of λ1, while contracting more slowly along the direction of
λ3. Eventually, the protohalo collapses first along the direc-
tion of λ1, then along λ2 and finally along λ3; the result-
ing mass distribution ends up being more compressed along
the direction of maximum initial compression, λ1, and more
elongated in the direction of initial minimum compression
λ3. As a result, the longest axis of the mass tensor of the fi-
nal object, which is perpendicular to the shortest axis, ends
up being perpendicular to its initial direction, even though
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Figure 14. Misalignment between the longest axis of initial de-
formation tensor and the the shortest axis of the mass tensor
of the haloes at as a funcion of time, represented by log(a): the
points represent the median values at each time and the dashed
lines the first and third quartiles of the distribution.
there is no rotation. In this case, there should be a time
during the evolution when the axis lengths are equal.
If the mass and deformation tensors are not well-aligned
initially, then the object may rotate. For example, if the sec-
ond axes are well-aligned but the first and third are not, then
the object may rotate about the second axis. This rotation
will be most effective if the sum of the first and third defor-
mation vectors is perpendicular to the sum of the first and
third mass vectors. I.e., rotation will be most efficient if λ1
and λ3 have opposite signs. Once the axes are aligned, the
rotation stops. In this case, the exchange of direction of the
axes need not be accompanied by an exchange of lengths.
Note that although we showed that µ11 ∼ 1, suggesting that
the initial misaligments are small, µ11 = 0.9 still allows mis-
alignments as large as 20◦. Since the rotation depend on the
cross- rather than dot-product of the two vectors, rotation
might be more common than one might have concluded on
the basis of the statement that µ11 ∼ 1.
Finally, there could be an intermediate case: it may be
that the halo does not actually rotate, in the sense of hav-
ing an overall angular momentum: rather, as the particle
distribution is squeezed by different amounts in different di-
rections, the relative lengths of the mass axes change, the
particle distribution deforms (maybe not exactly along the
directions of the λis due to the initial misalignment between
the two tensors) and so the direction in which the longest
axis points can evolve.
In summary: the major axis of a protohalo is initially
aligned with the direction of maximal compression (Porciani
et al. 2002, in agreement with). For a few haloes, the com-
pression is sufficiently large that this longest axis ends up
being the first one to turnaround and collapse, and so it
becomes the shortest axis. Whether or not the axis lengths
invert, for most haloes, the axis directions do: the shortest
axis of the final object ends up being well-aligned with the
initial direction of maximal compression. As can be argued
from the examples in Appendix A, haloes show a general
behaviour, but they differ in the details of the evolution:
further analyses are needed to provide a more complete de-
scription of the process.
7 SUMMARY AND CONCLUSIONS
To study the shape and evolution properties of dark matter
haloes, we analysed a sample of simulated haloes extracted
from the GIF2 simulation (Gao et al. 2004). First, we showed
how the way in which haloes are identified affects conclusions
about their shapes, and of the proto-halo patches from which
they formed.
In Section 3 we presented an algorithm which identified
dark matter haloes as triaxial ellipsoids enclosing the virial
overdensity assumed by theory. In Section 4 we showed that:
• Compared to the usual spherical overdensity method,
haloes identified using our Ellipsoidal Overdensity method
are more massive, because a triaxial shape is able to trace
the density distribution better than a sphere. However, this
difference is typically less than 10%.
• The change to the final halo shape is more significant,
with differences in the axial ratios as large as 40%, leading to
more elliptical (and in particular more prolate) shapes: our
Ellipsoidal Overdensity criterion refines halo shapes, making
them more varied and realistic.
In Section 5 we studied the corresponding protohaloes in
the initial conditions. We checked how the EO algorithm
affects protohalo properties, showing that the eigenvalues of
the deformation tensor have a slightly broader distribution,
but otherwise exhibit the same trends as for protohaloes of
SO haloes. This suggests that the initial potential field is
less affected by the selection algorithm.
In the EC model, the properties of the initial field are
expressed not in terms of the three eigenvalue of the defor-
mation tensor λi but using the trace, and the shape param-
eters e and p. We plotted their distributions, finding that:
• for most protohaloes the eigenvalues of the deformation
tensor do not have the same sign; the fraction of protohaloes
for which this is true increases at low masses;
• at fixed mass, protohaloes have a range of initial over-
densities; these are almost always larger than the critical
overdensity associated with spherical collapse; the mean
overdensity increases as mass decreases, scaling approxi-
mately as δc(1+0.2σ), and the rms distribution around this
mean is 0.2σ (it is broader for lower mass haloes);
• the median ellipticity e of the deformation tensor de-
creases as mass increases: the distribution of eδ/σ is ap-
proximately independent of halo mass, having mean ∼ 0.4
and rms 0.14;
• the median prolateness of pδ/σ ' 0 with rms 0.15;
• the mass tensors are increasingly non-spherical as pro-
tohalo mass decreases.
The middle three findings are in good qualitative agreement
with the triaxial collapse model in which low mass haloes
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need a higher initial overdensity so as to collapse by the
present time, because they tend to be less spherical.
The final part of this work aimed at understanding how
the initial potential field interacts with haloes and influences
their evolution, since the initial properties are the dominant
ingredient in the EC model. Thus, we studied the cross-talk
between the mass tensor and the deformation tensor: the
first gives an estimate of the particle distribution of haloes
and so of their actual shape and orientation, while the second
(calculated only at the initial time) describes the potential
field. We showed that:
• At the initial time, the principal axes of the two tensors
are very well-aligned; the longest axis of the mass tensor (l1)
is aligned with the direction of maximum compression λ1,
l2 is aligned with λ2, and l3 with λ3. However, although cos
of the misalignment angle is ∼ 1, the angle itself can still be
of order tens of degrees.
• At the final time (z = 0) the alignment between the
axes is reversed, as a consequence of the collapse process
and the associated deformation of the particle distribution.
• The change in directions of the first and third axes are
sometimes dominated by the different compression factors,
and others by what appears to be rotation, although it is still
unclear if the apparent rotation is actually an asymmetrical
deformation of the particle distribution.
Whereas the initial alignment is common in models
where haloes form from peaks in the initial density field,
the order of the alignments is opposite to that for peaks,
which predict alignments which are more like those we see
for final haloes (van de Weygaert & Bertschinger 1996).
These late time alignments, which suggest that the di-
rection of maximal compression remains approximately con-
stant as the halo collapses and its shape changes, are consis-
tent with recent measurements of anisotropies in the halo-
mass clustering signal, which indicate that the long axes of
virialized haloes are aligned with the large scale structures in
which they are embedded (Faltenbacher et al. 2012). More-
over, a model which explicitly assumes this (lack of evolu-
tion of the deformation tensor) to be true appears to provide
a good description of these measurements (Pa´pai & Sheth
2013). We plan to study further whether it is deformation
or rotation which is the cause of the change in alignments
we see.
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APPENDIX A: EVOLUTION OF THE
PARTICLE DISTRIBUTION
The main text described the mean behavior of the halo pop-
ulation. This mean behaviour is indeed representative of in-
dividual haloes. To illustrate this, we show how the shape
and orientation of the particle distribution in a few repre-
sentative haloes evolves.
Since the deformation and mass tensors are not aligned
in general, the objects may rotate as well as deform, so we
must make some choices about how we describe the evolu-
tion. We have chosen to show two dimensional projections
of the particle distributions with respect to a fixed coor-
dinate system. In addition, we show how the (square-roots
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of the) eigenvalues of the mass tensor evolve. These repre-
sent the lengths of the principal axes of the object; if two
of these cross, then this signals that the compression due to
the deformation tensor has managed to change the relative
axis lengths. The main text argued that this is generic in
the Zeldovich approximation with perfect alignment. This
information about how the size of the object changes gives
no insight into the spatial orientation of the object. To see
if the principal axes of the mass tensor change direction –
from the combined effects of compression and rotation – we
also show how the angle between the mass tensor axis li and
the initial deformation tensor axis λi evolves.
Figures A1 and A2 show the evolution of haloes of
mass M∗and 16M∗ respectively. Despite the order of magni-
tude difference in mass, both objects evolve rather similarly.
In both cases, the initial particle distribution is rather non-
spherical, after which gravitational collapse occurs along the
preferred directions as discussed in the main text, creating
a pancake; the directions of the three principal axes of the
best-fitting ellipsoid change with time; there is an axis in-
version feature, such that the longest and shortest axes ex-
change directions. Notice that the evolution is not identical,
even though the values of δ ∼ 2, e ∼ 0.2 and p ∼ 0 are
approximately the same. This shows that the initial defor-
mation tensor does not uniquely determine the evolution –
the initial shape also matters, as does the degree of initial
misalignment. For these haloes, b/a and c/a were (0.94, 0.59)
and (0.91, 0.72), respectively, and although the initial align-
ments are all within 10◦ for the first object, they are much
worse for the second.
In more detail, the top panels show the projected parti-
cle distribution at nine time steps between z = 49 and z = 0.
Red, magenta and blue show the longest, intermediate and
shortest axes of the mass tensor (with increasing line thick-
ness from the longest to the shortest). Projecting from three
to two dimensions means that the relative lengths are not
always obvious in such a plot, so the bottom left panels show
how the lengths of the three mass axes evolve. Red, magenta
and blue curves show the evolution of the longest, interme-
diate and shortest axes, in units of the initial lagrangian
radius:
rLi ≡ (l1il2il3i)1/3. (A1)
In some cases (but not these), the axis which was ini-
tially the longest may become the second longest; this sort
of length-inversion occurs in only a few of our haloes (which
were excluded from the analysis regarding the axes align-
ments, to have a more homogeneous sample). The time at
which the axes lengths cross does not necessarily coincide
with the time that the long axis starts becoming better
aligned with the direction of minimum initial compression –
squares connected by dashed lines show the time at which
the exchange in direction occurs.
The bottom right panels illustrate the evolution of the
alignment angle in more detail. They show the angle be-
tween the mass axes and the direction of the corresponding
initial deformation axis. Red, magenta and blue show the
longest, middle and shortest axes (l̂1λi1, l̂2λi2 and l̂3λi3, re-
spectively). Thus, Figure A1 shows that halo 252 appears to
rotate about its shortest axis initially; by the time the other
two axes have exchanged directions, they have also reached
turnaround. Thereafter, the object rotates about its longest
axis, until the other two have approximately exchanged di-
rections. The net result is that the longest and shortest axes
have exchanged directions: the moment in which these in-
versions occur are also labelled in the left panel by the black
squares.
In contrast, the more massive halo 14 shown in Fig-
ure A2 is slightly simpler. The initial misalignment in this
case was larger, but its second axis soon aligns with the in-
termediate axis of the initial deformation tensor, after which
the object appears to rotate about this second axis until the
first and third axes have exchanged directions.
Figure A3 shows another example of evolution: the ini-
tial parameters are again similar to the ones of the two pre-
vious haloes, but in this case λ3 < 0. We see that the evolu-
tion follows a similar pattern, even if the evolution is more
rapid at the beginning and the change in direction happens
more than once, involving also the medium axis. However, at
the end even this halo has a stronger misalignment for the
shortest and longest axes, while the medium returns back
towards its initial direction.
In all three cases, the misalignment angles are tens of
degrees. This is in apparent contradiction with our finding
in the main text that µ11 ∼ 1, which suggested perfect align-
ment. However, note that cos 20◦ = 0.93 which is very close
to unity.
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Figure A1. Evolution of an object of mass M∗. The axis color scheme is the same in all the panels: blue - shortest, magenta - medium,
red - longest. Top: the projected particle distribution at 9 different redshifts; the thinnest red line stands for the longest axis, while the
think blue one for the shortest axis at each time step. Bottom left: the evolution of the three mass axes; the black squares show the
moments of inversion of direction between two axes. Bottom right: the evolution of the angle between the mass tensor axes and the
initial deformation tensor axes (l̂1λ1 - red, l̂2λ2 - magenta, l̂3λ3 - blue, with the same point kinds of the left panel).
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Figure A2. Same as previous figure, but now for an object of mass 16M∗.
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Figure A3. Same as previous figure, but now for an object of mass 4M∗. Notice in particular that in this case λ3 < 0.
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